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Design of Attitude and Rate Command Systems for Helicopters
Using Eigenstructure Assignment

William L. Garrard,* Eicher Low,t and Scott ProutyJ
University of Minnesota, Minneapolis, Minnesota

This paper describes the use of eigenstructure assignment in the direct design of attitude and attitude rate
command systems for helicopter flight control. Eigenvalue assignment is used to achieve desired bandwidth based
on the handling qualities specifications, and eigenvector assignment is used to achieve decoupling of lateral,
longitudinal, heave, and yaw modes and the desired command-response characteristics. Eigenstructure techniques
are also used to design a state estimator that gives desired closed-loop frequency response. The stability robustness
of the control system is evaluated with respect to an error model that includes rotor, actuator, flexure, and sensor
dynamics and computational and sampling delays in the flight control system. The controlled helicopter is shown
to exhibit both good frequency and time-response characteristics.

Nomenclature
Scalars
g = acceleration of gravity

m = number of controls
n = number of states
p — roll rate, rad/s
q — pitch rate, rad/s
r = yaw rate, rad/s
s = Laplace operator
u — forward velocity, ft/s
«i = collective pitch, deg
u2 = longitudinal cyclic pitch, deg
u3 = lateral cyclic pitch, deg

u4 = tail rotor collective pitch, deg
v = lateral velocity, ft/s
w = heave velocity, ft/s
Xq = stability derivative associated with pitch rate
Yp = stability derivative associated with roll rate
zf = ith transmission zero
A/ = ith eigenvalue
ff(A) — minimum singular value of matrix A
a(A) = maximum singular value of matrix A
9 = pitch angle, rad
(/> = roll angle, rad
Vectors
u = control vector [wl5 w2> u3, u4]T

vf = attainable closed-loop eigenvector associated
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with A, eigenvalue
= desired closed-loop eigenvector associated
with A,- eigenvalue

= state vector of rigid-body states
[u,v, w,p,q,r,(/),6]T

•- estimate of rigid-body state vector
= measurement vector [w, /?, q, r]T

•- left zero direction of the zth finite
transmission zero

= open-loop dynamics matrix
= desired closed-loop dynamics matrix
= control distribution matrix
= desired control distribution matrix
= measurement distribution matrix
= multiplicative error matrix
= open-loop transfer matrix, C(Is — A)~1B
= full-state loop transfer matrix, K(Is —A)~1B
• feedforward gain matrix
= compensator transfer matrix,
K(Is-A+BK + LC)~lL

• loop transfer matrix
= feedback gain matrix
= estimator gain matrix

= desired
= complex transposed
= transposed
= inverse

= commanded
= eighth-order model
= 32nd-order model

Introduction

THIS paper describes a methodology that uses eigenstruc-
ture assignment techniques for the design of helicopter

flight control systems. The design of a flight control system
for a four-bladed attack-type helicopter operating near hover
is considered. The open-loop dynamics of this helicopter have
deficiencies that are typical of most unaugmented, high-per-
formance, single-rotor helicopters. These deficiencies are as
follows: 1) there is substantial coupling between lateral and
longitudinal modes, 2) both lateral and longitudinal responses
are unstable, and 3) the bandwidths in the pitch, yaw, and
heave axes are too low to satisfy level 1 handling qualities
criteria.

Recent research in helicopter handling qualities indicates
that, at low speeds or hover, pilots prefer rate or attitude
command response in the roll, pitch, and yaw axes and
velocity command in the heave direction.1"4 Also at low
speeds, decoupled longitudinal, lateral, yaw, and heave re-
sponses are desirable. This paper describes the use of eigen-
structure assignment technique design flight control systems
that yield properly decoupled closed-loop responses and give
either attitude rate command or attitude command response
in the pitch and roll axes, attitude rate command response in
the yaw axis, and velocity command response in the heave
direction. All of these responses exhibit specified frequency
and time-response characteristics. Both feedback and feedfor-
ward control laws are synthesized, and an eigenstructure
technique is used to design a state estimator in the feedback
loop that gives desired closed-loop frequency-response charac-
teristics.

Since rotor and other high-frequency dynamics can sub-
stantially limit helicopter flight control system bandwidth, it is
necessary to include high-frequency dynamics in the design
process.5'6 In this paper, controller designs are developed
using a model of the rigid-body dynamics that contains

residualized advancing and regressing tip-path plane rotor
modes.7 Bandwidth limitations are established using an error
model that contains rotor, actuator, and flexure dynamics;
Fade approximations of digital computational and sampling
delays; and a filter acting on the sensor outputs. Since the
helicopter and flight control system constitutes a coupled,
multivariable system, singular-value frequency-response tech-
niques are used to determine stability bounds and allowable
bandwidth. Time-history simulations illustrate the closed-loop
response characteristics of the helicopter.

Mathematical Models
The mathematical model used for the design is typical of a

modern attack helicopter operating near hover. The dynamics
of the helicopter were originally modeled by a twelfth-order
model that was composed of an eighth-order model represent-
ing the rigid-body dynamics and two second-order models
representing the advancing and regressing rotor tip-path plane
modes. Main rotor collective pitch, lateral cyclic pitch, longi-
tudinal cyclic pitch, and tail rotor collective pitch were the
control inputs.

An eighth-order design model that did not contain ex-
plicitly the tip-path plane modes was developed from the
12th-order model in order to simplify controller design and
implementation. Since the tip-path plane modes were of con-
siderably higher frequency than the rigid-body modes, the
four states associated with these modes were eliminated from
the design model by residualization.7 As shown in Table 1, the
eigenvalues of the residualized model are very close to those
of the twelfth-order model.

The design model is written in state variable form as given
next. The measured outputs are the pitch, roll, and yaw rates
and heave velocity. The nondimensionalized As and B% ma-
trices are given in Table 2.

xs = Asxs + Bsu

y=Csx (1)

Since the eigenvectors resulting from the dimensional state
equations are also dimensional, the mixture of linear and
angular dimensions made it difficult to identify the dominant
modes associated with a particular eigenvalue. Consequently,
the state and control vectors were nondimensionalized so that
modal couplings could be more easily identified. The state
vector was nondimensionalized by dividing all the linear
velocity components by 16.67 ft/s (10 knots), all the angular
velocities by 0.349 rad/s (20 deg/s), and all the angular
displacements by 0.349 (20 deg). These are the nominal
variations in forward velocity, attitude angles, and angular
rates for which the linearized hover model is considered
accurate. The control inputs were nondimensionalized by
dividing by their maximum values. These were 9 deg for
collective pitch, 8.75 deg for lateral cyclic pitch, 15 deg for
longitudinal cyclic pitch, and 18.5 deg for tail rotor collective
pitch.

The open-loop eigenvalues and nondimensional eigenvec-
tors for the residualized hover model are given in Table 3. As
can be seen from these values, there is considerable coupling
among all modes. Roll rate is coupled to yaw rate. Side slip is
coupled to yaw rate, pitch rate, and forward velocity. For-
ward velocity is coupled to yaw rate, roll rate, and side slip.
Pitch rate is coupled to yaw rate, and yaw and heave are
heavily coupled. The eigenvalues associated with the side slip
and forward velocity are unstable with rapid doubling times.
Also, the bandwidth in the pitch rate, yaw rate, and heave
modes is too low for level 1 handling qualities.1"4

The eighth-order design model described previously gives a
reasonably accurate representation of the helicopter dynamics
for frequencies up to approximately 10 rad/s; however, studies
have shown that high-frequency effects such as rotor dynam-
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Table 1 Eigenvalues for twelfth- and eighth-order models

-0.0199
-0.0452
-0.0788
0.4557
0.3688
1.0939
0.0000
0.0000

Bs =
-0.0456
-0.0369
-3.1126
-2.4241
-0.3205
5.7889
0.0000
0.0000

-0.0058
-0.0526
-0.0747
-2.5943
0.1931
0.7310
0.0000
0.0000

-0.0083
0.2785

-0.0032
20.8327
0.2538

-2.6208
0.0000
0.0000

-0.0058
-0.0061
-0.3803
-0.1787
-0.1753
-0.0358
0.0000
0.0000

x

0.4735
0.0086
0.0076
1.0196

-6.3329
2.3832
0.0000
0.0000

-0.0151
-0.0260
0.0008

-2.9979
0.0710
0.4058
1.0000
0.0000

-0.0016
0.3600
0.0002
9.1903

-0.0648
-11.0904
0.0000
0.0000

0.0232
-0.0155
-0.0048
-0.5308
-0.5943
0.4069
0.0005
0.9994

0.0006
0.0148
0.0420
0.4155
0.0013

-0.4940
-0.0154
0.0343

0.0000
0.6648
0.0228
0.0000
0.0000
0.0000
0.0000
0.0000

-0.6652
-0.0003
0.0102
0.0000
0.0000
0.0000
0.0000
0.0000

Table 2 Nondimensional A and B matrices for eighth-order model

Twelfth-order model Eighth-order residualized model

-4.3434+ O.OOOOi
0.2130+ 0.5270i
0.0328+ 0.7499/

-0.9421+ O.OOOOi
-0.5654+ O.OOOOi
-0.3234+ O.OOOOi
- 1 3.6446 + 72. 1 554i Advancing rotor mode
- 1 1.7698 + 3.6620/ Regressing rotor mode

-3.2377 + O.OOOOi' Roll rate
0.21 10 + 0.5296i Forward velocity
0.0353 + 0.743 li Sideslip

-0.9021 + O.OOOOi Pitch rate
-0.5695 + O.OOOOi Yaw rate
-0.3221+ O.OOOOi Heave velocity

Table 3 Open-loop eigenvalues and associated nondimensional eigenvectors

u
V
w
P
q
r

0

u
V

P
q

r
0
0

Roll rate

A = -3.2377 + O.OOOOi

0.0071+ O.OOOOi
0.0692 + O.OOOOi
0.0063 + O.OOOOi
0.9407 + O.OOOOi

- 0.0308 + O.OOOOi
- 0.1 557 + O.OOOOi
-0.291 3 + O.OOOOi

0.01 12 + O.OOOOi

Pitch rate
A = -0.9021+ O.OOOOi

0.3787 + O.OOOOi
0.0364 + O.OOOOi
0.1027 + O.OOOOi
0.0031+ O.QOOOi

-0.4160 + O.OOOOi
-0.6597 + O.OOOOi
-0.0145 + O.OOOOi

0.4860 + O.OOOOi

Side slip

A =0.0353 ± 0.743 li

0.1239 + 0.0691i
-0.1740 + 0.5037i
- 0.0429 + 0.0285i

0.0898 + 0.4337i
0.0936 + 0.0437i
0.3095 + 0.1069i

-0.5791+0.1419i
0.0703 + 0.1 368i

Yaw rate/heave
,1 = -0.5695 + O.OOOOi A =

- 0.1 589 + O.OOOOi
0.0710 + O.OOOOi

-0.2290 + O.OOOOi
0.0633 + O.OOOOi
0.041 3 + O.OOOOi
0.9421+ O.OOOOi

- 0.0857 + O.OOOOi
-0.1291+ O.OOOOi

Forward velocity

I =0.21 10 ± 0.5296i

0.1078 + 0.4243i
-0.1781 +0.119H
- 0.0023 + 0.0273i
-0.1138+0.0301i
-0.0952 + 0.16981
-0.4358 + 0.5712i

0.0433 + 0.2102i
- 0.3800 ±0.0565i

velocity
= -0.3221+ O.OOOOi

-0.0858 + O.OOOOi
- 0.1 097 + O.OOOOi
- 0.3863 + O.OOOOi
-0.03 17 + O.OOOOi

0.0419 + O.OOOOi • - -
-0.9080 + O.OOOOi

0.0550 + O.OOOOi
-0.0332 + O.OOOOi

ics, airframe flexibility, actuator and sensor dynamics, and so
forth, can cause instabilities when high bandwidth feedback
controllers are synthesized.5'6 It is impossible to accurately
model all important high-frequency dynamics and other un-
certainties. Furthermore, a design model that contains high-
frequency dynamics will result in high-order feedback
compensators that are difficult to implement. Consequently,
the approach taken in this study is to develop an error model
that provides an estimate of the worst-case modeling uncer-
tainties and then to develop a compensator design that guar-
antees stability based on their error model. The error model
was developed from the study of a 32nd-order model that

consisted of 1) the eight rigid-body states; 2) the four tip-path
plane states; 3) first-order models of the four control actua-
tors; 4) second-order models of the airframe flexure dynamics
in pitch, roll, yaw, and heave; 5) a first-order Fade approxi-
mation of digital time delays; and 6) a first-order filter on the
sensor outputs. A block diagram of the system on which the
32nd-order model is based is shown in Fig. 1.

The actuators were represented as first-order with break
frequencies of 60 rad/s. The flexure dynamics were idealized as
second-order with damping ratios of 0.05 and natural fre-
quencies of 35 rad/s for heave, 50 rad/s for pitch and roll rate,
and 30 rad/s for yaw rate. The first-order Fade filter approxi-
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Fig. 1 Block diagram for 32nd-order model.

Fig. 2 Block diagrams for various feedback configurations, a) Feed-
back system with multiplicative error matrix, b) Full-state feedback,
c) Estimator in feedback loop.

mates the time delay of the digital computer with T equal to
40 ms. A first-order filter for attenuation of 4/rev rotor vibra-
tions was also included in this model. The rotor speed was 34
rad/s; therefore, the break frequency of the filter was selected
as 13.6 rad/s, 10% of the 4/rev frequency.

The transfer matrix between the control inputs and outputs
for the design model is obtained from Eq. (2) as

With Fig. 1, a multiplicative (relative) error model was devel-
oped.8 The "true" transfer matrix was considered to be that
given by a higher-order model selected to give a worst-case
error bound. The true and design transfer matrices are related
by

(3)

Since GtrueCs) and GB(s) are known, the error can be calculated
as

(S)-I (4)

n
R
G
N
I
T
U
D
E

FREQUENCY (RAD/S)

Full State
Estimator in Feedback Loop

Fig. 3 Stability robustness for closed-loop systems. Full-state and
estimator in feedback loop.

It should be emphasized that Givue(s) is simply our best
estimate of the relationship between the inputs and outputs
from which a worst-case error bound can be deduced.

A block diagram of the closed-loop system with the multi-
plicative error is given in Fig. 2a. K^(s) represents the compen-
sator transfer matrix. A sufficient condition for stability is

for s = (5)

where 0 < o>< oo.8~10

A worst-case error bound was generated by removing por-
tions of the 32nd-order model and seeing what effect this had
on the maximum singular value of E(s)f If the true model is
assumed to consist only of the rigid-body and tip-path plane
states, the error is small. This is to be expected since the
design model is based on residualization of a model contain-
ing the tip-path plane modes. Inclusion of the actuators
results in only a small increase in error compared with the
rigid-body, tip-path plane model. Inclusion of the flexure
modes results in a substantial increase in the error. The error
increases still further when the true model is comprised of
only the rigid-body, tip-path plane, and flexure modes. Addi-
tion of the Fade approximation and sensor filter reduces the
error. Inclusion of actuators, sensor filters, and Fade approx-
imations attenuated the effect of the flexure modes and the
model that gave the worst-case error was 20th-order and
contained only rigid-body, tip-path plane, and flexure modes.
Since it is well known that it is difficult to accurately model
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the dynamics of helicopters by linearized perturbation models,
it was decided to use a worst-case error estimate for evalua-
tion of stability robustness. Figure 3 shows the error decreas-
ing for frequencies greater than about 50 rad/s. In fact, this is
not correct because of the presence of unmodeled higher-
frequency modes. Large relative modeling errors cannot be
avoided as frequency increases. Based on this reasoning, the
modeling error is estimated to lie within the region shown in
Fig. 3. If the modeling error is indeed within this region,
stability is assured if Eq. (5) is satisfied.

Use of Eigenstructure Assignment for Direct Design of
Attitude Response and Attitude Rate-Response Systems

For many tasks, helicopter pilots appear to desire either
attitude rate or attitude rate response about both the pitch
and roll axes.1"4 In attitude response systems, the desired
transfer function between commanded and actual roll angle is
second-order

In a roll attitude rate-response system, the desired transfer
function between commanded and actual rates is

PfPc = (7)

Similar frequency-response characteristics are desired about
the pitch axis. The desired yaw rate and heave velocity
transfer functions are first-order and are given by

r\rc = Ar/

w/wc = A

(8)

(9)

The values of £, con, A, and % are determined from handling
qualities criteria. Level 1 handling qualities appear to result
for bandwidths greater than 2 rad/s. For second-order atti-
tude command systems of the type given in Eq. (6), band-
width is defined as the frequency at which the phase angle of
the transfer function between command input and output is
— 135 deg.1'2'4 This bandwidth is related to the natural fre-
quency and damping factor by

(10)

As long as the damping is reasonably large, the flying qualities
are relatively insensitive to the damping factor.1'2 For first-
order systems, the bandwidth was taken to be the break
frequency. Since modal decoupling is required, the open-loop
transfer matrix between the commanded inputs and outputs,
G8(s), should be diagonal with the diagonal elements given by
either Eqs. (6) or (7), (8), and (9).

5 •

3 •

2 •

1 •

n •

/••
:/

//

""'••

.... . ..,., ..,.,

•••-...—— >...

4 6 8

TIME (SEC)

POLES AT ( -.0526,-.01 99)
POLES AT ( -.0053,-.0020)

10

Fig. 4 Comparison of time response for roll command for two closed-
loop low-frequency pole locations.

Eigenstructure assignment techniques are time domain pro-
cedures, whereas handling quality specifications are given
mostly in the frequency domain. Eigenstructure assignment
can be used to design controllers that satisfy these specifica-
tions by defining a state-space model of the closed-loop
system that yields the desired frequency-response characteris-
tics and modal decoupling. This model is then used to define
the desired eigenvalue/eigenvector configurations that are to
be achieved by eigenstructure assignment (the details of eigen-
structure assignment are given in Refs. 11-14).

The desired closed-loop state equations for the helicopter
are as given in Eq. (11).

x = (11)
where

Ad =

0
0
0
0
0
0
0

"o
0

>L
0
0
0
0
0

0
~^vo v

0
0
0
0
0

0
0
0
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0
0
0
0

0
0
-*,
0
0
0
0
0

0
0
0
0

^nOo"
0
0

Xq
0
0
0
£o
0
0
1

0
0
0
0

>no 0
— /Lr
0
0

0
g
0

-u>l<t>
0
0
0
0

-g
0
0
0

— C020

0
0
0

Examination of Eq. (11) reveals that the lateral, longitudinal
heave and yaw modes are decoupled. In addition, forward
velocity is decoupled from the pitch equation and side velocity
from the roll equation. The resulting transfer functions be-

u,
u,
u

F
T

s
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• : • • :_! _^ j.................. .
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Fig. 5 Full-state closed-loop response to a 5 deg roll command of 4 s
duration.



788 GARRARD, LOW, AND PROUTY J. GUIDANCE

tween the commanded inputs and outputs are as given in Eqs.
(6-9). Attitude rate command response can be obtained by
prefiltering the roll and pitch inputs by (TJ + l)/s.

In Eq. (11), the natural coupling of pitch and pitch rate
into the forward velocity equation and roll and roll rate into
the side velocity equation is maintained. The resulting transfer
function between side velocity and roll command is

(12)

The eigenvalues — AM and — lv are associated with the lin-
earized drag forces in the forward and side directions.

Six of the closed-loop desired eigenvalues were selected to
give bandwidths of 4 rad/s about the pitch and roll axes, a
bandwidth of 2 rad/s about the yaw axis, and a bandwidth of
2 rad/s in the heave direction. A damping factor of 0.707 was
chosen for the complex poles. The closed-loop desired eigen-
values for forward velocity and side slip, — lu and — AV9
respectively, were initially left at their nominal values of
— 0.0199 and — 0.0526; however, it was found that values of
-0.00199 and -0.00526 improved steady-state response
about the roll and pitch axes. By using the foregoing set of
eigenvalues, the desired closed-loop eigenvectors were gener-
ated from Eq. (12). The desired and achievable closed-loop
eigenvalues and eigenvectors and the required full-state feed-
back gain matrix are given in Tables 4 and 5.

Even though the resulting gain matrix achieved excellent
modal decoupling for initial condition errors, response to
control inputs was unsatisfactory because of extensive cou-
pling in the control distribution matrix B. A matrix of feed-
forward gains was designed to alleviate this problem. The
desired control distribution matrix Bd is given in Eq. (12).
The feedforward gain matrix H was selected such that

(13)

Since B is nonsquare, it is necessary to solve for H using the
optimal pseudoinverse

r = (BTB)~1BT*Bd (14)

The block diagram of the full-state controller with the feed-
forward gains is shown in Fig. 2b.

Time-history responses were calculated with the eigenvalues
associated with the side and forward velocity modes initially

located at —0.0526 and —0.0119, respectively. Examination
of these responses revealed that for times of up to about 4 s,
the responses were as desired; however, as time increased, the
steady-state values of the roll angle decreased from the desired
value (see Fig. 4). Since only the long period (low-frequency)
response was not as desired, the low-frequency eigenvalues
associated with side forward velocity and side slip were de-
creased by a factor of 10 to -0.00526 and -0.00199. As
shown in Fig. 4, this improved both transient and steady-state
response. Handling qualities requirements specify only that
these velocity responses be stable. The full-state design passed
the stability robustness condition given in Eq. (6) (see Fig. 3).

The degree of decoupling achieved in the closed-loop sys-
tem is demonstrated by the response to a roll axis command
of 5 deg that is held for 4 s and then returned to zero (see Fig.
5). All velocities are plotted on the same graph to the same
scale, as are the angular positions. Roll angle is second-order
and pitch angle is negligible as are forward and heave veloc-
ities. A roll command also results in an acceleration com-
mand/velocity hold type of response in the side velocity.15

Once the roll attitude achieves its commanded value, the side
or forward acceleration remains essentially linear until the roll
command returns to zero. The roll attitude then returns to
zero and the velocity remains essentially constant. There is
some decay of velocity, but it is small because the eigenvalues
associated with the forward and side velocity were selected to
be small. The responses to a pitch angle command were
similar to the responses to a roll angle command. First-order
decoupled heave velocity and yaw rate commands were also
achieved.

The frequency-response characteristics of the transfer func-
tions between the commanded and actual roll angle are shown
in Fig. 6. This plot shows second-order response with band-
widths of 4 rad/s. The pitch axis transfer function was essen-
tially the same as that for the roll axis. The heave velocity and
yaw rate transfer functions were first-order with bandwidths
of 2 rad/s.

State Estimator Design
The full-state regulator described previously requires that

all states be fed back. Since only heave, pitch rate, roll rate,
and yaw rate are measured, it is necessary to include a state
estimator in the feedback loop in order to implement the
control law. The control is given by

u= -Kx (15)

Table 4 Desired eigenstructure

u
V
w
p
q
r
4>
9

u
V
w
p
q
r
$
Q

Side velocity

A = -0.00526

0.0000 + O.OOOO/
1.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/

Forward velocity

A = -0.00199

1.0000 + O.OOOOi
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/

Roll

A = -1.5000 +1.5000/

0.0000 + O.OOOO/
-0.1403 + 0.0075/

0.0000 + O.OOOO/
0.0000 + 0.8956i
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.2985 - 0.2985/
0.0000 + O.OOOO/

Yaw rate

A = -2.0000

0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOOi
1.0000 + O.OOOO/
0.0000 + O.OOOO/
0.0000 + O.OOOO/

Pitch

A = -1.4500+1.4500i

- 0.0996 + 0.1095i
-0.0000 + O.OOOO/

0.0000 + O.OOOOi
0.0000 + O.OOOOi

- 0.6286 -0.6286/
0.0000 + O.OOOOi
0.0000 + O.OOOOi
0.0000 + 0.4335/

Heave velocity

A = -2.1000

0.0000 + O.OOOOi
0.0000 + O.OOOO/
1.0000 + O.OOOO/
0.0000 + O.OOOOi
0.0000 + O.OOOOi
0.0000 + O.OOOOi
0.0000 + O.OOOO/
0.0000 + O.OOOO/
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Table 5 Achievable closed-loop eigenstructure and nondimensional full-state gains

Achievable eigenstructure
Side velocity Roll

u
V
w
P

r

e

u
V
w
P
q
r

e

A = -0.00526

0.0008 + O.OOOOi
0.9977 + O.OOOOi
0.0022 + O.OOOOi
0.0034 + O.OOOOi

-0.0009 + O.OOOO/
- 0.0003 + O.OOOOi
-0.0649 + O.OOOOi

0.0169 + O.OOOOi

Forward velocity

/I- -0.00199

0.9985 + O.OOOOi
-0.0001+ O.OOOO/
- 0.0005 + O.OOOOi
-0.0007 + O.OOOOi
-0.0008 + O.OOOO/

0.0000 + O.OOOOi
0.0360 + O.OOOO/
0.0417 + O.OOOO/

1 = -1.5000+1.5000/

-0.0018 + 0.0035/
-0.1285+0.0044/

0.0004 + O.OOOO/
0.0003 +0.8970/
0.0004 + 0.0004/
0.0003 + 0.000 li
0.2989 + 0.299 1/
0.0000 + 0.0003/

Yaw rate

A = -2.0000

- 0.0027 + O.OOOOi
- 0.0254 + O.OOOOi
- 0.0006 + O.OOOOi

0.0065 + O.OOOOi
-0.0075 + O.OOOO/

0.9995 + O.OOOO/
0.0044 + O.OOOO/

- 0.0 134 + O.OOOO/

Pitch

A = -1.4500+1.4500i

- 0.0534 + 0.1 363i
0.0039 ± 0.0036/

-0.0013 + 0.0004/
-0.0006 + 0.0005i
-0.6238 + 0.6337/

0.000 1+0.0002/
0.0004 + 0.0003/

- 0.0034 + 0.4334/

Heave velocity

A = -2.1000

0.0275 + O.OOOOi
-0.0285 + O.OOOOi

0.9992 + O.OOOOi
0.0035 + O.OOOOi
0.0046 + O.OOOO/

- 0.0007 + O.OOOOi
-0.0017 + O.OOOOi
-0.0022 + O.OOOO/

Nondimensional full-state
K = 0.0243

0.0686
-0.0459
-0.1120

0.0242
-0.1072
-0.0245
-0.0332

-0.5524
0.499
0.0597

-0.2841

- 0.0002
0.0193

-0.0085
-0.0431

feedback gain matrix
0.0008
0.0483

-0.3616
-0.1254

-0.0136
0.0901

-0.0040
-0.1650

-0.0073
0.2389
0.0154

-0.0569

-0.0046
0.1105

-0.6622
-0.1708

<t>(s)/<t>c(s)

10

10 ' 10 10

Full state "EQUENCV (RflD/S)
40th order i, x lJL , x

P
H
R
S
E

D
E
G

10 10 10 10

FREQUENCY (RflD/S)
Fig. 6 Closed-loop roll response bode diagrams for eighth-order model
with full-state feedback and 32nd-order model with estimator in feed-
back loop.

where x is the estimate of the state given by the state
estimator

The block diagram of the system with the estimator in the
feedback loop is given in Fig. 2c. The task is to choose the
estimator gain matrix L, such that A — LC is stable and the
frequency response of the system with the regulator/estimator
in the feedback loop closely resembles that for full-state
feedback. That is,

(17)

This is called loop transfer recovery (LTR). The procedure
using eigenstructure assignment algorithms for the design of
estimators that achieve LTR is as follows16:

1) Determine the finite transmission zeros zt and associated
left zero directions of the open-loop system pf.

2) Drive they finite eigenvalues of A — LC to (or near) the
finite transmission zeros zf. The associated desired left eigen-
vectors should be chosen as pt.

3) Place the remaining n -j eigenvalues of A — LC at
locations "far" into the left-half plane. These are called
infinite eigenvalues. The desired left eigenvectors for these
modes are chosen arbitrarily and have little effect on the LTR.

Improved LTR is obtained as the finite eigenvalues are
moved closer to the transmission zeros and as the infinite
eigenvalues are moved farther left. On the other hand, as the
infinite eigenvalues are moved farther left, the estimator band-
width is increased.

The four finite open-loop transmission zeros of the heli-
copter are

3 4 =_ 0.000734 ±0.0 1398*

x = Asx L(y- (16)

The four desired eigenvalues and eigenvectors of the estimator
were placed at the four transmission zero positions and their
respective left zero directions. The values of zl and z2 were
approximated by —0.001 and 0.0015 because of computa-
tional difficulties arising from multiple roots. The remaining
four closed-loop eigenvalues were placed at — 10.0 rad/s and
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Table 6 Nondimensional estimator gain matrix

Nondimensional estimator gain matrix L
0.2309

-0.4086
9.6208

-0.0632
-0.1743
-0.0393
-0.0002
-0.0002

-0.0057
+ 0.0710
0.0118
6.9775
0.0733
0.4140
1.0000

-0.001

-0.7419
0.0201
0.0117

-0.5740
9.3784
0.3254
0.0013
1.0011

0.0282
-0.2572
0.0439
0.4876

-0.0029
9.4891

-0.0153
0.0339

E .1000
G
I

TIME (SEC) TIME (SEC)

—————— Full State Closed Loop
............... 40^ Order Closed Loop

15

TIME (SEC) TIME (SEC)

Fig. 7 Closed-loop lateral responses to a 5 deg roll command for
eighth-order model with full-state feedback and 32nd-order model with
estimator in feedback loop.

their corresponding eigenvectors were arbitrarily chosen. As
shown in Fig. 3, this configuration achieves full LTR up to
7 rad/s. Above this frequency, the presence of the estimator in
the feedback loop results in an additional 20 dB/decade of
rolloff, thereby enhancing robustness compared with the full-
state regulator. A measure of the robustness of a multi-input/
multi-output (MIMO) system is the minimum difference
between the minimum singular value of [7 + (KGS) ~*] and the
maximum singular value of the multiplicative error E(s). This
can be regarded as an MIMO gain margin. As shown in Fig.
3, the minimum differences between the two curves are
7.33 dB at about 0.8 rad/s and 9.33 dB at 30 rad/s.

The nondimensional estimator gain matrix is given in Table
6. The resulting feedback gains are of reasonable magnitude
for actual implementation. The excessively large gains and
concomitant high bandwidths that were obtained in a previ-
ous eigenstructure design for a similar helicopter were avoided
by appropriate placement of the infinite eigenvalues.17 Lower
estimator gains were required to obtain recovery when the
infinite eigenvalues were placed on the negative real axis
rather than in a Butterworth pattern. These gains were further
reduced by placing all the infinite eigenvalues at the same
location on the negative real axis. It is important to place the
infinite eigenvalues no farther to the left than is required to
achieve LTR necessary for stability robustness. As the infinite
eigenvalues are placed farther to the left, the estimator band-
width is increased and sensor noise may become a problem.

Performance Evaluation
The time response of the helicopter was evaluated using the

32nd-order helicopter model with the estimator in the feed-
back loop resulting in a 40th-order simulation model. Simula-

T -.005

TIME (SEC) TIME (SEC)

E
0 .1000

—————— Full State Closed Loop
............... 40th or<ier closed Loop

.0500 •

TIME (SEC) TIME (SEC)

Fig. 8 Closed-loop longitudinal responses to a 5 deg roll command for
eighth-order model with full-state feedback and 32nd-order model with
estimator in feedback loop.

tions of the time response for a 5 deg step command in roll for
the 40th-order model including the estimator in the feedback
loop and the 8th-order model using the full-state controller
are compared in Figs. 7 and 8. It can be seen that the
responses are very similar. The roll angle and roll rate re-
sponses are second-order in both cases. The damping is
slightly less for the 40th-order system model; however, damp-
ing is still heavy enough to result in good handling qualities as
measured by current criteria.1^ Side velocity response is
essentially indistinguishable between the two models. The
heave, pitch, and yaw responses are small in magnitude in
both the eight- and 40th-order models; thus, these responses
are plotted to a larger scale and the differences are more
apparent. The effects of the high-frequency dynamics in the
40th-order model can be seen in the initial transient responses.
Similar results were obtained for the heave, pitch, and yaw
inputs.

Bode plots between roll command and actual roll angle for
the 40th-order model are shown in Fig. 6. Based on the eighth
and 40th-order models, the magnitudes do not diverge signifi-
cantly until about 50 rad/s and the phase angles are about the
same until 6 rad/s (Fig. 6). If the pilot is regarded as a pure
gain and the roll attitude loop is closed by the pilot, the gain
margin in this channel is about 20 dB. Similar results are
obtained for the pitch transfer function, except the gain
margin is about 10 dB. The magnitudes of the heave velocity
transfer functions based on the eighth- and 40th-order models
are identical to a frequency of about 30 rad/s; however, the
phase difference between the two transfer functions becomes
apparent at about 2 rad/s. The gain margin in this channel is
about 14 dB. The yaw rate transfer functions are very similar
to the heave velocity transfer functions. In all cases, the
frequency-response characteristics of the 40th-order model are
very close to those of the eighth-order model in the frequency
range in which pilot commands are anticipated.

Conclusions
Eigenstructure assignment appears to provide a useful and

straightforward methodology for the design of helicopter
flight control systems that provide for 1) modal decoupling,
2) desired command-response characteristics, and 3) good
stability robustness. In addition, the estimator design achieves
good loop transfer recovery without high gains and excessive
bandwidth.
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